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Symmetries

c(V,W,Y,2) = c(Av, AW, Ay, A2) < Cijki = CmnogPmiAnjPokApl

A! 0(3), orthogonal transformation

Two elasticity tensors belong to the same symmetry
class If their symmetry groups are conjugate.
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We measure elasticity tensor
In laboratory coordinates...
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We measure elasticity tensor
In laboratory coordinates...

2009 0.636 0.609 0.138 0.009! 0.052
- 0.636 2,535 0.360! 0.067 0.128! 0.593

_ 10} 0009 0360 25161 02951 0512 030K
C=10" 5136 1 0.067! 0.295 1.756 0.192! 0.0989 ™

#1 0.009 0.128! 0.512 0.192 1.977 0.03
1 0.0521 0.593 0.305! 0.097 0.032 2.077
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We measure elasticity tensor
In laboratory coordinates...

2.009 0.636 0.609 0.138 0.009! 0.052
» 0.636 2.535 0.360! 0.067 0.128! 0.593//3

c 101055 0.609 0.360 2.516! 0.295! 0.512 O'3O7f|\|m'2
" 0.136 ! 0.067! 0.295 1.756 0.192! 0.097%

#1 0.009 0.128! 0.512 0.192 1.977 0.03
1 0.0521 0.593 0.305! 0.097 0.032 2.077

How do we Pnd the possible symmetry
class and Its axes”?
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We measure elasticity tensor
In laboratory coordinates...

2.009 0.636 0.609 0.138 0.009! 0.052
» 0.636 2.535 0.360! 0.067 0.128! 0.593//3

- 101055 0.609 0.360 2.516! 0.295! 0.512 O'3O7f|\|m'2
" 0.136 ! 0.067! 0.295 1.756 0.192! 0.097%

#1 0.009 0.128! 0.512 0.192 1.977 0.03
1 0.0521 0.593 0.305! 0.097 0.032 2.077

How do we Pnd the possible symmetry
class and Its axes”?

We look at its eigenvalues and eigenstresses,
together with their eigensystems.
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Elgenspaces of c

We debne the eigenspaces of ¢ by

Cijki'1 = i

A 1s a symmetry ot if and only If it
preserves all the eigenspaces-of

Eigentensor Is described by Its eigenvalues and
corresponding eigenvectors.

Since any Is also an eigentensor and eigenvalues
ofar are multiples of eigenvalues:of , we study
guotients of eigenvalues, which are invariant.

B—na,A., Bucataru, |. and Slawinski, M. (2007) Coordinate-free characterization of elasticity tensor. Journal of Elasticity: 87 (2-3),
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l1=3513!1,=206713=2930!,=1.760!5= 1.300!¢= 1.300

1 .0.489 0.099 0.114

>.=a; 0.099 ! 0.604 0.066%
0.114 0.066! 0.585

1 0.416! 0.385! 0.445
| ,=a, ! 0.385 0.029! 0.25%
| 0.445! 0.257! 0.045

0.044 ! 0.383 0.265
| ;= a5 ! 0.383 0.486 0.153
0.265 0.153! 0.530

0.306 ! 0.177! 0.306
| ,=a, ! 0.177! 0.306 0.530%
1 0.306 0530 O

"1 0.100 0.409 0.334
l:= a5 0.405 0.501 0.11&
| 0.334 0.116 0.401

0.694 0 !0.116

+a; 0 1 0.231! 0.3345
| 0.116! 0.334! 0.463

Curtin®

University of Technology

1 0.661 [! 0.433! 0.250,0.866]
| 0.661 [0.500,! 0.866,0]
1 0.356 [! 0.750,! 0.433! 0.500

1 0.935 [! 0.750,! 0.433! 0.500
0.252 [0.008! 0.7620.648
0.252 10.661,1 0.482,! 0.575

0.707 [0.500,! 0.866 0]
| 0.707 [0.4330.250,! 0.8664
0 0.750,0.433 0.500

1 0.707 [0.047,! 0.7890.617
0.707 [0.659,! 0.436! 0.612
0 0.750,0.433 0.500

0.707 [0.597,! 0.272,0.754
1 0.707 [0.466,0.885,! 0.047
0 1 0.6550.378 0.655

1 0.707 [0.067,0.5730.816]
0.707 [0.9930.039,! 0.109
0 0.094 ! 0.818 0.567]

v1="! 0.661Y ! 0.356= 1.857




ldentibcation of tetragonal c

| Chas at most Pve distinct eigenvalues
| elgentensors are such that
- all matrices im;, and have two distinct eigenvalues
- all matrices im;, and. have a common one-
dimensional eigenspace
- all matrices in; and, have a common zero
eigenvalue and the corresponding eigenspace Is
common with the one-dimensional eigenspace of
L and! ,
- all matrices im; have three distinct eigenvalues, the
corresponding eigenvectors are also eigenvectors for
matrices In!
Such an elasticity tensor has TETRAGONAL symmetry.
The three eigenvectors of a matrix in  determine the
natural basis of.
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l e, s.t.

01€1 T 0561 !

Mono oser ! ose ! e
0589 = 0g€3 = 0
O h 1160 1260 13 ! €
-I-r.lg 11! ‘921 ' €& . = 5 (b) detB1 P
1610 12610 €
Tetra 36 = rae =0
363! 163! €53
Cubic 26 ! & 1, = 1d
T| 1€1 2€1 ! &
|SO 1, = Id
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The measured tensor transforms after rotation

0.500 Q433 Q750 '
A="10.866 0250 04335
0! 0.866 Q500

to the following familiar form:

3.13 0.200 0.340 O 0 0
0.200 3.13 0.340 O 0 0
C= 10M0 0.340 0.340 2.250 O 0 0 5

0 0 O 1300 0 o |Nm
0 0 0 0 1.300 O
0 0 0 0 0 1760
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In practice, we almost certainly obtain generally
anisotropic tensor.

Usual solution:
searching for the closest tensor of a given symmetnr
all the rotations of the measured tensor.

measured tensor
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In practice, we almost certainly obtain generally
anisotropic tensor.

Usual solution:
searching for the closest tensor of a given symmetnr
all the rotations of the measured tensor.

space of tensor with
given symmetry

closest tensor of

measurement errors given symmetry

measured tensor
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all the rotations of the measured tensor.

space of tensor with
given symmetry

closest tensor of
given symmetry

.*
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.*
.

measured tensor

Curtin®

University of Technology



In practice, we almost certainly obtain generally
anisotropic tensor.

Usual solution:
searching for the closest tensor of a given symmetnr
all the rotations of the measured tensor.

space of tensor with
given symmetry

closest tensor of
given symmetry

.
.
(4 ry
____
. g
.
R ‘e
.
R ‘e
.* .
*
.
.
.

measured tensor

Curtin®

University of Technology



In practice, we almost certainly obtain generally
anisotropic tensor.

Usual solution:
searching for the closest tensor of a given symmetnr
all the rotations of the measured tensor.

space of tensor with
given symmetry

closest tensor of
given symmetry

.
.
(4 ry
____
. g
.
R ‘e
.
R ‘e
.* .
*
.
.
.

measured tensor

Curtin®

University of Technology



4
2.
£

4 206 21 1 0.07 001 ! 0.03°
. 206 383 196 017 ! 0.07 018
21 196 396 016 004 ! 0.3
- 1007 017 016 2 Q22 ! 0.14
# 001 !007 004 022 176 002

1 003 018 ! 0.13 ! 014 002 22

Example

"~ 1.053
.« 0.897
.« 0.897

0.39
0.39
0.39

Q897
1014
Q858
0351
039

0312

Q897
Q858
1053
Q351
039

Q351

Q39

0351
0351
0234
0234
Q156

039
Q39
Q39
0234
Q273
Q195

039
0312 g
0351
Q156
Q195
Q234

REOCLOSe -

Closest tetragonal does NOT bt within the measureme

Closest cubic and TI DO bt within the measurement:
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Want to study the space of orbits, I.e. the
space of stiffness tensors modulo all rotations.

S
S

1 0 O 0 0 O 0 0 O
L,=""0 0 0% ,1,=""0 1 0%,,=""0 0 09%,1,="
0 0 O 0 0 O 0 0 1

|\>|FH
o oo

0 0 0 0 1 0 1 O
0 1%, 1= "0 0 09,14= "1 0 0%
1 0 1 0 0 0 0 O

normalized eigentensor can be written as
1= "1Aa + " A + X (") Adts

The rest of the normalized eigentensors can be written

o= "3A-#H+ "JA-H+ X ("A- B+ X3(")A-#+ "JA-H5+ A Hy
3= "sAdh+ x4 (") Adth + X5 (") Adth + X6 (") Adly + "oAdts + " 10A s
La= % (") Adth+ xg(") Adth+ Xo(") Adts + X10(") Adty + "1iAdHs + " 1A S
L s= X1 (") Adt+ xo(") Aath + X3 (") Adtls + Xpa (") Adty + Xi5(") Adlls + "sAdl;

| 6 = X16AaA" 1+ X17A8" 2 + X18A 8" 3+ X10A 8" 4 + Xo0AA' 5 + Xo1Ad'
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Parametrization of orbits

Local parametrization of SO(6) by

Al ng) and M, 19,..., 112
Local parametrization of the orbits by

4, 1-...,16 and M, 19,..., 112

B—na,A., Bucataru, |. and Slawinski, M.A. (2008) Space of SO(3)-orbits of elasticity tensors. Archives of Mechanics: 60 (2), ]
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- ¥, = 0O0R 1/, =0

Anisotropic - >
6 12
{’\g},- 1 {'7]-}1' 1
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42
: A=A =X, ,7, =2
ORA =X =X, 7 =1

= Tr. Isotropic

Monoclinic

DI )0

e

A=Ay A, = A,y =2
5 ORA, =A, A=A, 7 =1

Tetragonal
5
™
A

71=729 A4=’\5$’Y3=1

*  Orthotropic
{A,}f 1’ {’YJ}.:: 1



Eigenvalues and eigenvectc

Orthonormal conditions for eigentensors

iy 0 0 ) e O 0o
Tr ! $ A” ! O ' j2 O &Allj 1( ‘ $ Aik ) O ' k 2 O &A:kl( & — "jk
0 0 !j3 0 0 !k3

relates orientation of eigentensors to their eigenvalu

18 equations relating 18 eigenvalues and 18 Euler an

It Is possible to replace gammas with lambdas.
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Geometry of the space of
OrbIts

18 dimensional space with very complicated bounda
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Geometry of the space of
OrbIts

18 dimensional space with very complicated bounda




Summary

¥ Determination of symmetries

¥ Closest symmetric tensor not necessarily
within measurement errors

¥ Parametrization of space of orbits by
eigenvalues
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