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e Higher Crack Densities
o Higher order Sayers-Kachanov 7’s
o Thomsen weak anisotropy parameters

e Discussion and Conclusions



STIFFNESS VERSUS COMPLIANCE

The isotropic stiffness matrix (inverse of the compliance

matrix) for an elastic material is often written as C' =

A+ 2G A A \
A A+ 2G A
A A A+ 2G
G

G
\ ¢ )
where A and G are the two Lamé parameters,

G is shear modulus, and K = A + 2G/3 is bulk modulus.



ANISOTROPY DUE TO FRACTURES (1)

The isotropic compliance matrix (inverse of the stiffness

matrix) for an elastic material is often written as S =
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where E is Young’s modulus, v is Poisson’s ratio,

and G = E/2(1 4 v) is the shear modulus.



ANISOTROPY DUE TO FRACTURES (2)

We assume all the fractures/cracks are in the form of
penny-shaped cracks. These are defined as oblate spheroids,
being round/flat holes, circular in cross-section with

area A = wb?, and volume V. = 4mwab?/3,

or V., = 4mwab’/3, where o = a/b

is the aspect ratio. We assume a = a/b << 1,

so the crack porosity ¢ = V./V << 1.

The crack density parameter p = p. = Nb>/V,
where N/V is the number of cracks per unit volume, and

b is the radius of the (assumed) penny-shaped crack.



ANISOTROPY DUE TO FRACTURES (3)

Sayers and Kachanov (1991) show that corrections to
the isotropic matrix 5;;, caused by low crack

densities (p << 1), can be written as
Ac (&) = 4n2p/3,
A (—%) =2mp/3,
Ac (%) = 2(m +m2)p/3,

where 77; and 1, are parameters to be found from EMT.

(EMT = Effective Medium Theory, which is my contribution.)



ANISOTROPY DUE TO FRACTURES (4)

Thus, in the isotropic case, we have

ACSZ'J‘ = (2p/3) X
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ANISOTROPY DUE TO FRACTURES (5)

For horizontal cracks, we get an anisotropic medium

whose correction matrix is

AcSz'j = pX
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ANISOTROPY DUE TO FRACTURES (6)

For vertical cracks whose axis of symmetry is randomly
oriented in the xy-plane, we have another anisotropic

medium whose correction matrix is

AcSz’j = pX
((771 + 12) ™ m/2 \
™ (m +m2) m/2
m/2 m/2 0
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ANISOTROPY DUE TO FRACTURES (7)

Examples of the values of the n’s found from

various effective medium theories are:

EMT m o
NI —0.000216 0.0287
DS —0.000216 0.0290
CPA  —0.000258 0.0290
SC —.0000207 0.0290



THOMSEN PARAMETERS (1)

For the case of randomly oriented vertical fractures,

two of the Thomsen parameters can be expressed as:

Cee—Cuaa _ __ E__ _ _ G
2C44 772P4(1+,,) = —N2pP5

~y

C11—C33 ~, __ G
2033 - n2p1—1/
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The remaining Thomsen parameter d, which is the one that
determines the degree of anellipticity in angular dependence
of the wave speeds is given exactly by 0 = e,

which means there is no deviation from ellipticity.



THOMSEN PARAMETERS (2)

For the case of horizontal fractures, the same two

Thomsen parameters can be expressed as:

7= g = e

— 011—033 P~ 2G
€= 2033 T 772’0]_—1/'

Note that these results both differ exactly by a factor of -2
from the previous results for randomly oriented vertical fractures.
This fact can be easily understood in terms of the Sayers and

Kachanov style of analysis.



RAYLEIGH WAVE SPEED

For a transversely isotropic medium with vertical axis
of symmetry (which is true of both the cases described
so far), the Rayleigh surface wave has a speed determined

by the following equation:

where ¢ = v%/v? and v2 = Cgg/ po,
with pg being the inertial mass density of the medium.

Recall that 066 = 044(1 O 2’}/) and that 011 = 033(1 + 26)

in terms of Thomsen parameters.



GASSMANN’S EQUATIONS (1)

2 K
Ku=Ra+ Gogy7K.7ark; = T-aB>

where K, is the undrained bulk modulus, K, is the drained bulk

modulus, K, is the mineral (or solid) modulus, K is the pore
fluid bulk modulus, ¢ is the porosity, a =1 — K;/K,, is
effective stress coefficient, and B is Skempton’s coefficient.

Rearranging into compliance form, we have

1 1 _ o
Ko Ki _ EJ°

—1
Kgo K . a
e ()] = an
which shows explicitly how Skempton’s B coefficient is related to

all the other constants. Also, porosity ¢ = ‘gr—baNTbS = ‘L;)T—ba P.



GASSMANN’S EQUATIONS (2)

Compliance correction matrix for fluid inclusions:

( 57 BiB2 Bifs \
182 B3 B2
NS, = ot | Pis Bals 53

\ oy

The fluid effects (through K or B) appear only in the overall factor

v = a/BK . The coefficients §;, 1 = 1, 2, 3, satisfy a sumrule
of the form 51 —|—62 —|—53 = 1/Kd — 1/Km = Oé/Kd.
K is the drained bulk modulus. K, is the mineral (solid)

modulus. « is the effective stress coeflicient.



GASSMANN CORRECTIONS TO
SAYERS-KACHANOV FORMULAS

From the preceding identities, we find:

= =5 — 5 = 2(2m + m)p.

and

This analysis shows the surprisingly simple result that the correct
way to incorporate fluid effects into the Sayers-Kachanov
formulation is just to multiply certain n coeflicients by

Skempton’s coefficient B.



H,O AND CO, PHYSICAL
PROPERTIES FOR GASSMANN FORMULAS

Fluid K(MPa) p(kg/m?) wvg(m/s)
H>O 2460.0 992.2 1574.3
C Oy (Frio) 72.6 653.4  333.5
C'O5(Cranfield) 70.0 575.0 395.0

C'O(Sleipner) 75.0 700.0 327.0



MAVKO-JIZBA REDERIVED

It is now easy to show that

and
GLU_GLdEAf (G%L) _%Af(Gzlff)+§XO
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s (s27) = s 1
So



ANISOTROPY DUE TO HIGHER CRACK DENSITY

For horizontal cracks, we get an anisotropic medium

whose second order compliance correction matrix is
(2) _ 2
Ac Sz'j = p~ X
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CRACK-INFLUENCE PARAMETERS

Examples of the values of the n’s found from

simulation results supplied by V. Grechka are:

Parameter vy =0.00 9= 0.4375

m 0.0000 —0.0192
M2 0.1941 0.3994
3 ~0.3666  —1.3750
o 0.0000 0.0000

M5 —0.0917 0.5500



THOMSEN WEAK ANISOTROPY FORMULAS
vp(0) = v,(0) (1 + 0 sin® 0 cos? 0 + e sin* 0),
Vs (0) = v5(0) (1 + (e33/caa) (e — 8) sin® 0 cos® ),

s (0) = v5(0) (14 v sin® 0).

§ = [ cxatcss c13+2c44—C33
2c33 C33—C44



EXAMPLES OF SEISMIC VELOCITIES

Series of examples have been computed using the

“empirical” crack influence parameters.



CONCLUSIONS

e The Sayers and Kachanov (1991) approach has some
powerful advantages for both forward and inverse
modeling in fractured systems, especially when used
in conjunction with measured Thomsen parameters.

e For a given material (€.g., quartz) and a given
crack shape (€.g., penny-shaped), n; and

1o can be computed once and for all.

e Measured Thomsen parameters can then be inverted
for crack density.

e Incorporating fluid dependence rigorously into this

problem is easy using the Sayers-Kachanov parameters.
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